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We consider QCD in R3 x S1 and show that non-trivial 
global space-time topology breaks chiral symmetry. 

Q u a n t u m field theories are affected by local as well 
as global characteristics of space-time. Local char-
acteristics such as curvature affect field equations. 
Likewise, global characterist ics can also induce 
significant changes in the theory. Studies on the 
effect of global characteristics on quan tum field 
theory were init iated by Isham [1], and later in a 
series of papers [ 2 - 4 ] the working rules were set up. 
It was shown that in certain spaces M with non-
trivial topology there are new field configurat ions 
and that the n u m b e r of new field configurat ions is 
equal to the n u m b e r of elements of the first coho-
mology group H1 (M, Z 2 ) of the space M. We shall 
be working in the space M= R3xS]. The choice of 
this space is dictated by its relative simplicity. This 
space admits a flat metr ic and it is non-simply con-
nected. Also, there exist two spin configurat ions in 
this space. These are called untwisted and twisted 
f ields and they obey respectively per iodic and anti-
per iodic boundary conditions. In this note we shall 
consider a SU(2) Q C D theory in R3xS] and it will 
be shown that the quarks gain d i f ferent (topologi-
cal) mass resulting in chiral symmetry breaking. 

Before taking up the quest ion of chiral symmetry 
breaking, first of all it is necessary to present the 
R3 x S 1 formal ism: 

0 ^ x1 ^ L , - oo < x°, x2, x3 < + oo , (1) 

with the condit ion that the ends of the x 1 axis are 
ident i f ied. 

2nm 
P l for untwisted fields, 
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( 2 m + l)7i r a c IJ 
n, for twisted fields, 
y ] L 

m = 0, ± 1 , ± 2 

• d4p > (2n) y . d 3 p 
J (2 n4) L t (2 K) 3 ' 

(2) 

(3) 

The general form of the propagators for the spinor 
and vector boson fields are given, respectively, by 

Sab =idabp/{p2 + ie), (4) 

Dtt = -iguyöab/(p2 + ie), (5) 

(6) p=pM • yM • 

The Lagrangian is given by 

1 2 
L = ~~7 ( ^ /V ) 2 + ' X 0 / 0 V ; , 4 j= i 

(7) 

where the sum is carried over the two quark fla-
vours, and these f lavours are ident i f ied with twisted 
and untwisted field configurat ions. 

It is our purpose to show that the non-trivial 
global space-t ime topology lifts the mass degeneracy 
between the quarks and as such is necessary to cal-
culate the quark self-energy to second order in the 
coupling constant (Figure 1). 

Fig. 1. Quark Self-energy 

The quark self-energy is given by 

( - o I ( M ) ^ Z f ^ (S, 

i 1 r y ( - 0 ^ V 
• ' ,2 p + k + ie p +ie 

Now, using the results 

, d \ x 7tn/2 r (a — n/2) a"'2"1 

J , , . ^ T T T — 1 , (9) f ( a) {xz + ay 

, p^ • d np 
f — - > — — = 0 , J (p2 + ay 

1 r 
ab o 

(10) 

(11) 
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we obta in f rom (8) 

v ^ x 3 y] (\ — n) T (2 — n/2) n"a g2 

y , « = - - — - — 1 — — ( i 2 ) 

^ ; 4 4 (2 n)" L r (2) V ; 

i • X (w + o) 1 [(2 m a + a2) x + m2]n/2~2 dx , 
m 0 

where a = 0 or V2 depending on whea ther the quark 
is untwisted or twisted. F rom (12) it is also clear 
that, had we choosen to work in Minkowski space 
R4 , the singularity of (8) would have appeared as 
pole of the g a m m a funct ion, but in the present case 
(n = 3) the singularity appears in the summat ion . 

Now, consider the case of a twisted quark. In this 
case 

Z ( 0 , 3 ) = - y 1 3<F 
Z 16 7i L 

3 g2 1 

1671L 4 

m + 1/2 

m + 1/4 

00 z 

(13) 

0 ( m + 1 / 4 ) 

1 

(14) 

£ (m + 3/4) 

The r.h.s. of (14) is clearly divergent. To regular-
ize it, we consider the expression [5] 

CO 1 X 1 
y 1 y ! 
o ( w + 1 /4F 0 (m + 3/4y 

= C(sA)-C(s,i), (15) 

where £(s,a) denotes the generalized R iemann 
Zeta funct ion (cf. [6]). 

Next using the relation [6] 

1 
lim 
s - 1 

t(S,a)~ 
S - 1 

C(z) = lim [ C ( 2 , a ) - a " 2 ] . 

We obtain f rom (14) 

Z ( 0 , 3 ) ^ - / ^ ( ^ / 4 - 1 ) , 
10 

R 

where = indicates the regularized value. 

Hence the twisted qua rk mass is given by 
3g2 (tc/4 — L) 

(16) 

(17) 

(18) 

m r = 7 1 Z ( 0 , 3 ) = -
16 7T L 

(19) 

Proceeding similarly it can be shown that the un-
twisted quark mass vanishes 

mu j = 0 . (20) 

From (19) and (20) it is seen that the quarks have 
obtained different topological masses, and thus 
chiral symmetry is broken. 

In conclusion, it has been shown that global 
space-t ime topology lifts the mass degeneracy be-
tween the quarks (originally massless) and thus pro-
duces chiral symmetry breaking. We note that, 
though our conclusion agrees with Goncharov [7], 
the essential details are totally d i f ferent (because of 
a faulty regularization procedure adopted by Gon-
charov). Finally we advance some reasons for con-
sidering field theory in R3 x S 1 : (i) it is necessary to 
consider curved space- t ime to describe the early 
universe, (ii) space-t ime structure in the scale of 1 
fermi or less is unknown. 
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